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Abstract: We examine the relationship between covariant and canon-
ical (Ashtekar/Rovelli/Smolin) loop variables in the context of BF
type topological field theories in 2+1 and 3+1 dimensions, with re-
spective gauge groups SO(2,1) and SO(3,1). The latter model can be
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1 Introduction
An important advance in the quest to construct a viable and realistic
quantum theory of gravity was made by Ashtekar and his coworkers
when they recast and slightly generalized Einstein gravity by intro-
ducing new canonical variables [1, 2]. In these new variables, the
constraints are polynomial and can be solved explicitely in terms of
non-local, but gauge invariant, ”loop variables” T n [2, 3]. These loop
variables are not the physical observables in 4-D gravity since they are
not diffeomorphism invariant [4]. The discovery of non-trivial phys-
ical observables is an outstanding problem in the non-perturbative
quantization of 4-D Einstein gravity.
In three dimensional gravity theory the problem of constructing
physical observables is at least partially solved. The reason for this is,
essentially, that three dimensional gravity is a topological field theory
[5]. Indeed, if we relax the non-degeneracy of the spacetime triad, in
the case of zero cosmological constant, 3-D Einstein gravity (in the
first order formalism) is equivalent to Chern-Simons theory with gauge
group ISO(2, 1). In fact, Einstein gravity in the first order formalism
is the prototype of another interesting topological field theory- the BF
theories [6, 7]. With non-zero cosmological constant, Einstein gravity
is equivalent to a Chern-Simons theory with gauge groups SO(3,1)
and SO(2,2), respectively, in the cases of positive and negative cosmo-
logical constant. The equations of motion (or constraints) imply that
the ISO(2, 1) connection in the Chern-Simons model is flat, i.e., lo-
cally pure gauge. One may now construct gauge invariant observables
that do not vanish when the constraints are imposed and which are
diffeomorphism invariant (due to the fact that the diffeomorphisms
are generated by the ISO(2,1) gauge transformations in this case [5]).
These are physical observables, denoted generically here by W , the
“covariant loop variables” of the system. The canonical quantization
of 3-D Einstein gravity in first order formalism can be handled very
much analogously to the 4-D case [8]. In particular, the constraints
can be solved in terms of the 3-D analogues of the T n, i.e., ”Ashtekar”
loop variables.
In the next section we will elucidate the relationship between the
two species of global observables encountered in 3-D gravity theory:
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the covariant loop variables and the Ashtekar loop variables. In section
3. we will review the properties of 4-D BF theory with gauge group
SO(3,1). This theory may be viewed as the closest topological field
theory relative of 4-D Einstein gravity [6, 9] . We will canonically
quantize this theory in terms of the Ashtekar loop variables T n and
relate the latter to the covariant loop variables of the theory. Finally,
in section 4. we will first of all use the results obtained to explicitely
carry out the quantization of this model for the special cases where
3-space has the topologies T 3 and S2×S1, and second we will discuss
the implications for non-topolocical quantum gravity in 4-D.
2 3-D Gravity
We begin by reviewing 3-D Einstein gravity in the form considered by
Witten [5]. In (2+1)-dimensions, the Einstein-Hilbert action can be
written in the form [5]
S =
1
2
∫
d3xǫijkǫabce
a
iR
bc
jk, (1)
where lower case latin indices from the beginning of the alphabet are
SO(2, 1) indices, while those from the middle are spacetime indices.
The eai are an orthonormal triad and ω
ab
i are the spin connection com-
ponents with respect to the group SO(2, 1). The curvature is given
by
Rabij = ∂iω
ab
j − ∂jω
ab
i + [ωi, ωj]
ab, (2)
and the classical equations of motion are
Die
a
j −Dje
a
i = 0, (3)
Rabij = 0. (4)
Here Di is the covariant exterior derivative with respect to the con-
nection ω. The equations of motion imply that the spacetime is a flat
Lorentzian manifold. The gauge group of the system is the Poincare´
group ISO(2, 1). Let Jab be Lorentz generators and P a the trans-
lations, so that the gauge potential for the group ISO(2, 1) is the
one-form
Ai = e
a
iPa + ω
a
i Ja. (5)
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Here we have defined ωai := 1/2ǫ
abcωibc and Ja := 1/2ǫabcJ
bc. The
generators Pa, Ja determine a quadratic form on the Lie algebra
< Ja, Jb >=< Pa, Pb >= 0, < Ja, P
b >= δba. (6)
The generators of ISO(2, 1), Pa and Ja, satisfy the algebra
[Ja, Pb] = ǫabcP
c, (7)
[Ja, Jb] = ǫabcJ
c, (8)
[Pa, Pb] = 0. (9)
The Chern-Simons functional for the ISO(2, 1) gauge connection Ai,
ICS =
∫
M
Tr(A ∧ dA+
2
3
A ∧ A ∧A), (10)
precisely coincides with the Einstein-Hilbert action (1), as follows
from equations (5)–(7). Hence (2+1)-dimensional gravity is a Chern-
Simons gauge field theory.
We perform a canonical analysis in order to display the constraints.
Let M = R × Σ, where Σ is a closed 2-manifold. The action can be
written as
S =
∫
dt
∫
Σ
d2x(ǫabcω˙µbcǫµνe
ν
a
+
1
2
ǫabcω0bcǫ
µνDµeνa +
1
2
ǫabcǫµνe0aR
bc
µν), (11)
where the ǫµν := ǫ0µν , and the dot “·” denotes differentiation with
respect to x0. The 0-components of the fields are Lagrange multiplers,
which impose the constraints
D[µe
a
ν] ≈ 0,
Rabµν ≈ 0,
(12)
where µ, ν = 1, 2 are spatial indices. Note that they are of the same
form as the equations of motion of the gauge fields (e, ω). From the
action (11), the fundamental Poisson bracket can be read off as
{ωaµ(x), e˜
ν
b (y)} = δ
a
b δ
ν
µδ
2(x, y), (13)
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where e˜νb = ǫ
νρeρb is a density.
In 2+1 gravity, the covariant gauge invariant observables are the
Wilson loop variables of the connection Ai = e
a
iPa + ω
a
i Ja:
WR(C) = TrRP exp{
∮
C
(eaiPa + ω
a
i Ja)dx
i}, (14)
i.e., the ISO(2, 1) holonomy operators [5]. The spacetime curve C is
closed and R is a representation of ISO(2, 1).
Variables analogous to those introduced by Ashtekar in the 3+1
dimensional case [1] can be constructed in 2+1-D theory [8]. From
the Hamiltonian form of the Einstein-Hilbert action, a class of loop
variables on the conjugate variables (e, ω) can be defined. The first
of these observables is the spatial Wilson loop of ω ( the SO(2, 1)
connection):
T 0r [C] := TrrP exp[
∮
C
ω] = TrrP exp[
∮
C
dsµωaµJa], (15)
where r denotes a representation of SO(2, 1) and C is a loop in space.
The remaining variables, denoted T nr [C], depend on the e-variables.
They are obtained by inserting n e-variables along the holonomy of a
loop:
T nr [C] =
∫
dsµ1 · · ·
∫
dsµn
∑
p
θ(sq − sp) · · · θ(sj − si)×
Trr[eµi(C(si))UC(si, sj)eµj (C(sj)) · · · eµp(C(sp))UC(sp, si)], (16)
where the summation is over the permutation of n indices and θ(si −
sj) are step functions. In the following, we omit the representation
subscript r. The quantity UC is defined as
UC(s, t) := P exp[
∫ t
s
dsµωaµJa] .
The T n’s form a closed graded Poisson algebra, which has the struc-
ture
{T n, Tm} ∼ T n+m−1. (17)
From this we can see that T 0 and T 1 form a subalgebra. In the case of
three dimensional gravity, we need only consider the T 0, T 1 variables.
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From Ref.[8] we know that the Poisson brackets of the observables with
the constraints are weakly zero. Hence T 0, T 1 are physical observables
for pure 2+1 gravity. When gravity is coupled to ordinary local mat-
ter, then T 0, T 1 are no longer the physical observables because they
fail to commute with all the constraints. However they are still gauge
invariant and very important quantities for the construction of the
loop representation [1, 10].
Now we have two kinds of observables– Ashtekar T variables and
the covariant loop variables W– for 2+1 gravity theory. We now
discuss the relation between these two kinds of observables in the
canonical formulation of the theory. The loops C are taken to be at
fixed time, i.e. they lie in a two-dimensional spatial hypersurface Σt.
So in the covariant loop variables
W (C) = TrP exp{
∮
C
(eaµPa + ω
a
µJa)dx
µ}, (18)
the curves C are spatial, as are the loops in the Ashtekar T variables.
Since the ISO(2, 1) group manifold is the total space of the cotan-
gent bundle of the SO(2, 1) group manifold [5], we can express the
translation generators Pµ in terms of the rotation generators Jµ and
an infinitesimal parameter θ [11]:
Pµ = θJµ, (19)
where θ is taken to satisfy θ2 = 0 and its trace is given as trθ = c,
where c is a constant. Substituting (19) into W (C), we have
W (C) = TrP exp{
∮
C
(θeaµJa + ω
a
µJa)dx
µ}.
Within the path order operator, all the variables commute. So we can
rewrite W (C) as
W (C) = TrP [exp
∮
C
θeaµJadx
µexp
∮
C
ωaµJadx
µ]
= TrP [
∞∑
n=0
θn
n!
(
∮
C
eaµJadx
µ)
n
exp
∮
C
ωaµJadx
µ]. (20)
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From the properties of θ, we know that θn = 0 for any n ≥ 2. There-
fore
W (C) = TrP exp[
∮
C
ωaJa] + TrθP (
∮
dxµeaµJa exp[
∮
C
ωaJa])
= TrP exp[
∮
C
ωaJa] + cTr
∮
dxµeaµ(C(s))UC(s)
= T 0[C] + cT 1[C]. (21)
We conclude that the covariant loop variables for spatial loops are
determined by the Ashtekar T variables.
If point particles are present, we locate them at punctures in space
[11]. We compute these two kinds of observables for loops C which
enclose only one puncture. In order to evaluate the observables, we
first choose the representation of ISO(2, 1) given by
J0 =
1
2
(
i 0
0 −i
)
, J1 =
1
2
(
0 i
−i 0
)
, J2 =
1
2
(
0 1
1 0
)
, (22)
Pa = θJa. (23)
In this representation we have [11]
JaJb = −
1
4
ηab +
1
2
ǫabcJ
c , (24)
Using the fundamental Poisson brackets and this representation of
SO(2, 1), we compute the loop algebra for T 0, T 1:
{T 0[γ], T 0[δ]} = 0, (25)
since the T 0 just depend on connection ω, and
{T 1[γ], T 0[β]} =
∑
i
∆i(γ, β)(T
0[γ#iβ]− T
0[γ#iβ
−1]) (26)
{T 1[γ], T 1[β]} =
∑
i
∆i(γ, β)(T
1[γ#iβ]− T
1[γ#iβ
−1]), (27)
where i labels the points where the loops γ and β intesect, #i stands
for composition of two loops at the ith intersection. The structure
constants of the loop algebra are
∆i(α, β) :=
∫
i
dsµdtνδ2(α(s), β(t))ǫµν , (28)
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where the integrals are taken in an interval including the ith inter-
section. The number ∆i is equal to minus or plus one depending on
whether the dyad formed by the tangent vectors of the two loops at the
ith intersection is left– or right–handed with respect to the orientation
given by ǫµν .
The particle associated with each puncture carries mass and an-
gular momentum [11]. So at the puncture the constraints (12) are
not enforced. Because of the constraints (12) we can make the loop
C infinitesimally close to the puncture in the covariant loop variable
W . Using the infinitesimal condition, we can replace the path ordered
line integral of the connection by the area integral of the curvature
enclosed [11], i.e.,
W (C) = Tr exp{θjaJa + p
aJa}, (29)
where
pa :=
∫
δσ
Ra, ja :=
∫
δσ
Dea, (30)
are the area integrals of the curvatures concentrated at the puncture.
From the formula
exp(N · J) = cos(|N |/2) + 2 sin(|N |/2)
N · J
|N |
, (31)
and the tracelessness of Ja , we compute the covariant loop observables
to be
W (C) = Tr cos(|p+ θj|/2).
The normal of the vector is defined by
|p+ θj| := (p+ θj)a(p+ θj)a = |p|+ θp · j/|p|
where we have used the fact θ2 = 0. Again, applying this and expand-
ing, we find that
cos[(|p|+ θp · j)/2] = cos(|p|/2)− θp · j
sin(|p|/2)
2|p|
.
Finally the covariant loop observables for one puncture are:
W (C) = Tr[cos(|p|/2)− θp · j
sin(|p|/2)
2|p|
]
= 2 cos(|p|/2)− cp · j
sin(|p|/2)
|p|
. (32)
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We get the same result by evaluating the T -variables and using the
relation between the latter and covariant loops in (21).
We now briefly consider the quantum theory. We quantize in the
reduced phase, as in Refs. [1, 8], for the special case of Σ = T 2,
the flat 2-torus. We summarize the results here. Due to the non-
connectedness of the group SO(2, 1) and the Abelian property of
the homotopy group of the 2-torus, the reduced phase space has dis-
connected sectors. For the time-like case, the reduced configuration
space is topologically a 2-torus. Let us choose a, b as its coordinates,
a, b ∈ [0, 1]. The loop variable are promoted to operators Tˆ 0 and Tˆ 1
on the Hilbert space of L2 functions Ψ(a, b) over Cˆ such that:
Tˆ 0[α]Ψ(a, b) = 2 cos(πa)Ψ(a, b), (33)
Tˆ 1[α]Ψ(a, b) = −2πih¯ sin(πa)
∂
∂b
Ψ(a, b). (34)
It is easy to check that the commutators of these operators are given by
−ih¯ times the value of the corresponding classical Poisson brackets.
Hence the covariant loop variables on the 2-torus are given by the
relation (21) as
W (α)Ψ(a, b) = {2 cos(πa)− 2cπih¯ sin(πa)
∂
∂b
}Ψ(a, b). (35)
3 Observables for 4-D BF theory
A careful analysis of Witten’s approach to 2+1 dimensional gravity
reveals that the crucial reason for the solvability of the theory is that
gravity in three dimensions has no local dynamics. The extension of
this model to higher dimensions results in the BF theory with the
following form of action [6, 7]:
S = Tr
∫
B ∧ F ,
where F is the curvature two-form of a connection A on a principle
bundle over the n-dimensional manifold M with (simple) structure
group G. B is a Lie algebra-valued (n − 2)-form on M . On the 4-
manifold M = R × Σ with structure group G = SO(3, 1), the action
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can be written as
S =
∫
Pab ∧ R
ab, (36)
The action is put into the canonical form, with the result that the
phase space variables are the ωabi and their conjugate momenta π
i
ab,
where
πiab = ǫ
ijkPabjk. (37)
Here a, b, ... are SO(3,1) indices and i, j, ... are the spatial indices on
Σ. The corresponding loop variables are, first, the T 0, given by
T 0[γ] = TrUγ(s), (38)
where
Uγ(s) = P exp(
∮
γ
ωabJab), (39)
with γ a closed loop on Σ, and Jab the generators of SO(3, 1); and
second the T i, given by
T i[γ](s) = Tr[πi(γ(s))Uγ(s)], (40)
which are linear in the momenta. Applying the fundamental Poisson
bracket
{ωabi (x), π
j
cd(y)} = δ
j
i δ
[a
c δ
b]
d δ(x, y), (41)
we can compute the loop algebra. Obviously, we have
{T 0[γ], T 0[β]} = 0. (42)
The important Poisson bracket is between T 0 and T i. First
{T 0[γ], T i[β](t)} = {Uγ(s)
I
I
, πi(β(t))KLUβ(t)
L
K
}
=
∫
dxiδ(β(t), γ)U(s, t)IJJ
JM
ab U(t, s)MIJ
abK
LUβ(t)
L
K
,
where (41) has been used. If we choose the representation of genera-
tors Jab in 4× 4 form[12], we have
Jab
J
M = δ
J
a ηbM − δ
J
b ηaM .
It follows that
Jab
JMJabKL = 2(η
JKδML − η
MKδJL).
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Using this result and noticing that Uγ(s)IJ is an element of SO(3, 1),
and satisfies the identity 1
Uγ(s)IJ = Uγ−1(s)JI ,
we obtain
{T 0[γ], T i[β](t)} = 2
∫
dxiδ3(β(t), γ)[T 0(γ#β)− T 0(γ#β−1)]. (43)
This expression contains distributional factors
2
∫
dxiδ3(β(t), γ),
as does the local expression(41), but with the difference that the dis-
tributional factors in (43) have support on curves rather than points.
We may replace the T i by smeared loop variables in order to elim-
inate the distributional factors in the Poisson bracket. An elegant
discussion is given by Smolin [13], and we merely recapitulate it here.
Since the distributional factors in (43) are already one dimensional,
the integral over the test functions should be two dimensional. It is
natural to make this an integral over a surface. Hence we consider the
dual of the momentum πiab on Σt, defined as
π∗ijab =
1
2
ǫijkπ
k
ab. (44)
We note here that the π∗ijab are the spatial projections of the compo-
nents of the original variables Pab. Correspondingly we have
T ∗ij [γ](s) = Tr[π
∗
ij(γ(s))Uγ(s)]. (45)
1We use the correspondence between Lorentz tensors and SL(2,C) spinors to write
Uγ(s)IJ as follows:
Uγ(s)IJ = σ
aa′
I σ
bb′
J Uγ(s)abU¯γ(s)a′b′ ,
where the matrices Uγ(s)ab and its conjugate are the “SL(2,C)” representations of the
holonomy operator along the curve γ(s). It is shown in [1] that these satisfy:
Uγ(s)ab = −Uγ−1(s)ba; U¯γ(s)a′b′ = −U¯γ−1(s)b′a′ .
Hence
Uγ(s)IJ = σ
aa′
I σ
bb′
J Uγ−1(s)baU¯γ−1(s)b′a′ = Uγ−1(s)JI .
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Let us consider a one-parameter continuous family of loops γi(s, u)
where u ∈ [0, 1] such that they form a strip, which we denote with a
hat γˆ. For each u, γi(s)u ≡ γˆ
i(s, u) is a closed loop. The parameters s
and u then coordinatize the two dimensional surface of the strip. The
following smeared version of the T 1 observable can be defined2:
T 1[γˆ] :=
1
π2
∫
du
∫
ds
∂γˆi
∂u
∂γˆj
∂s
T ∗ij [γ](s). (46)
The Poisson bracket of this observable with T 0[α] is expressed in terms
of the intersection number of loop α and the strip γˆ. If the loop
does not intersect the strip, the Poisson bracket is zero. If the loop
intersects the strip, at intersection n, we have
In(γˆ, α) =
∫
σn
dSij
∫
dxkǫijkδ
3(γˆ, α), (47)
which is equal to±1 according to the orientation of the intersection. In
the above σn denotes the neighbourhood of the intersection n. Finally,
the loop algebra becomes
{T 0[α], T 1[γˆ](t)} =
∑
n
In(γˆ, α)(T
0[α#nγˆ]− (T
0[α#nγˆ
−1]), (48)
{T 1[αˆ], T 1[γˆ](t)} =
∑
n
In(γˆ, αˆ)(T
1[αˆ#nγˆ]− (T
1[αˆ#nγˆ
−1]). (49)
The geometrical significance of the loop algebra is that it depends on
the intersection number of loops or strips with other loops or strips.
We know that T -variables are not the physical observables in 3+1
Einstein gravity since they are not diffeomorphism invariant. How-
ever, the model that we consider here, unlike Einstein gravity, is a
topological field theory. For the BF theory considered here, it turns
out that T 0 and T 1 are physical observables, i.e. they commute with
all the constraints. The constraints of the 4-D BF theory are
Rab ≈ 0, (50)
Cab := Diπ
i
ab ≈ 0. (51)
2The normalization here differs by the factor pi−2 from the literature, e.g. Ref.[8]. It
is necessary to choose this normalization in order to get the expression (69) in the form
given in the literature without clumsy factors of pi.
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Note that the constraints Cab satisfy
{Cab(x), Ccd(y)} =
1
2
[ηcbCad + ηbdCca + ηacCdb + ηadCbc]δ(x, y). (52)
This is the algebra of SO(3, 1), so the Cab are the generators of the
gauge group SO(3, 1). The loop variables T 0 and T 1 are gauge invari-
ant. Thus it follows naturally that
{T 0[γ], Diπ
i
ab} = 0, (53)
{T 1[γˆ], Diπ
i
ab} = 0. (54)
Since the T 0 are just functions of the configuration variables, as are
Rab, it follows trivially that
{T 0[γ], Rab} = 0. (55)
The crucial Poisson bracket is that between T 1 and Rab. Analogous
to the 2+1 dimensional theory, we have
{T 1[γˆ], Rab} =
1
π2
∫
σ
D[D(δabcdδ
3(γ(s), x)TrJcdUγ(s))] ∼ R
ab, (56)
where σ is the volume enclosed by the strip γˆ in Σ, and we have used
Stokes theorem [14]. This bracket weakly vanishes by means of the
constraint. This is the desired result.
For this topological model, the reduced phase space is also a moduli
space of flat connections modulo SO(3,1) gauge invariance, as in 2+1
gravity. It is interesting to consider the observables on a topologically
nontrivial underlying spatial 3-manifold Σ which has the topology of
a 3-torus T 3 [15]. First it is useful to discuss some features of the
holonomy. If, as we assume, reduced phase space can be polarized,
then it is the tangent bundle over the reduced configuration space
Cˆ. Each element ω of Cˆ is determined by fixing a base point p on
Σ and specifying the holonomies, modulo the action of SO(3, 1) at
p, of ω around the n generators of the homotopy group of Σ. The
holonomies provide us n gauge group elements, (U1, ...Un), and ω is
determined by the equivalence class U · (U1, ...Un) · U
−1 where U is
the gauge group action at p. Cˆ has several disconnected components
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essentially because the Lie algebra SO(3, 1) has three disjoint orbits
under the natural action of the group. Each Uk is a rotation either
along a time-like, null, or space-like axis and the action of the gauge
group at p must map that Uk to a rotation with the same type of axis.
For the case that Σ = T 3, the flat 3-torus, we have three generators
for the homotopy group which are denoted as α1, α2, α3. Now, since
the homotopy group of T 3 is Abelian, it follows that the holonomy
group of any flat connection must also be Abelian. A general element
of the homotopy group of the torus may be written as
α = αn11 α
n2
2 α
n3
3 (57)
where n1, n2, n3 are integers which represent the number of times the
loop winds the three generators. The holonomies satisfy
[Uα1 , Uα2 ] = [Uα3 Uα2 ] = [Uα1 , Uα3 ] = 0. (58)
Therefore they are SO(3, 1) rotations around the same axis. Under
gauge transformations the axis itself rotates preserving only its time-
like, null, or space-like character. This immediately divides Cˆ into
three sectors. In the time-like case, the subgroup of SO(3, 1) is the
group of 3-dimensional rotations SO(3) [12] which is compact. Thus
this sector has the topology T 3. In the null sector, the corresponding
subgroup is the Euclidian group in 2-dimensions, E2. Finally in the
space-like case, the subgroup of SO(3, 1) is the 3-dimensional Lorentz
group SO(2, 1). In the cases of null and spacelike sectors, the topolo-
gies are more complicated. By equation (58), we should consider the
Abelian subgroup in those sectors. Since the groups SO(2, 1) and E2
contain different Abelian subgroups, they may correspond to different
topologies.
We now discuss the reduced phase quantization for the time-like
case in detail. We parameterize an arbitrary flat connection as follows:
ω = (
3∑
j=1
ajdθj)
iτ 3
2
,
for some choice of the real constant aj , where θj are the three angular
coordinates on Σ and iτ
3
2
one of generators of SO(3) with
τ 3 =
(
1 0
0 −1
)
.
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Let us choose the loops to wind once around the generator α1. As in
the 2+1 dimensional case, we promote the loop variables to operators
on the Hilbert space of L2 functions Ψ(a1, a2, a3) over the reduced
configuration space. It then follows that:
Tˆ 0[α1]ψ(a1, a2, a3) = 2 cos(a1π)ψ(a1, a2, a3),
Tˆ 1[αˆ1]Ψ(a1, a2, a3) =
1
π2
∫
dui
∫
dsj
1
2
ǫijkTr[π
kUα1(s)]Ψ(a1, a2, a3). (59)
Since on α1 the loop has just one component, i.e. ds
j = dθ1, we get
Tˆ 1[αˆ1]Ψ(a1, a2, a3) =∫ 1
0
du
∫ 2pi
0
dθ1
1
2
{Tr[π2Uα1(s)]− Tr[π
3Uα1(s)]}Ψ(a1, a2, a3)
= −
1
π
ih¯ sin(πa1)[
∂
∂a2
−
∂
∂a3
]Ψ(a1, a2, a3, ). (60)
Generally, we thus have
Tˆ 0[αi]Ψ(a1, a2, a3) = 2 cos(aiπ)Ψ(a1, a2, a3), (61)
Tˆ 1[αˆi]Ψ(a1, a2, a3) = −
1
pi
ih¯ sin(πai)
∑
jk ǫijk
∂
∂aj
Ψ(a1, a2, a3, ). (62)
Since Tˆ 1 is linear in the momenta, it can always be written as
Tˆ 1 =
∑
va(q)pa,
at the point (q, p) in the reduced phase space, where vα(q) is a vector
field on the configuration space. It is then the vector field associated
with the operator Tˆ 1 by:
Tˆ 1[αˆ]Ψ(ω) =
h¯
i
LvαˆΨ(ω), (63)
where L is the Lie derivative on C. In the case of Σ = T 3,
viαˆ =
∫
dsdtǫijkδ3(x, αˆ(s, t))∂sαj∂tαkTr(τ
3Uαˆ) .
We now quantize in the loop representation. The quantum theory
is given in terms of a representation of the loop algebra as an operator
15
algebra [1, 8]. The usual canonical quantization consists of a repre-
sentation of the canonical Poisson algebra. By the gauge property of
the theory, we can construct a representation on the gauge constraint
Cab = 0 surface of the phase space. The representation space S will
consist of functionals of loops in Σ, A[α] ∈ S. The action of Tˆ 0[α]
and Tˆ 1[αˆ] can be expressed in this representation as follows:
(Tˆ 0[α]A)[γ] := A[α#γ] +A[α#γ−1], (64)
(Tˆ 1[αˆ]A)[{γ}] := ih¯
∑
n In(αˆ, γ)(A[αˆ#nγ]−A[αˆ#nγ
−1]), (65)
where we can use any loop γ in the same homotopy class; the result is
independent of the choice. This representation satisfies the following
properties:
(1) Tˆ 0[α] = Tˆ 0[α−1], Tˆ 1[αˆ] = Tˆ 1[αˆ−1],
Tˆ 0[α#γ] = Tˆ 0[γ#α], Tˆ 1[αˆ#γˆ] = Tˆ 1[γˆ#αˆ];
(2) Tˆ 0[0] = d , Tˆ 1[0] = 0;
(3) Tˆ 0[α#γ] + Tˆ 0[α#γ−1] = Tˆ 0[α]Tˆ 0[γ];
(4)
[
TˆA, TˆB
]
= ih¯{TA, TB}, A, B = 0, 1;
(5) Tˆ 0[α] = (Tˆ 0[α])∗ is real.
In (2) d is the dimensions of the group representation.
In a given connected sector of the reduced phase space Cˆ, denoted
by Cˆi, the transformation between the two sorts of representations is
[16]:
A[α] =
∫
Cˆi
dV (T 0[α](ω))Ψ(ω), (66)
where dV is a volume element on Cˆi and Ψ(ω) is the wave function in
the connection representation.
Returning to the case of the three torus discussed above, by choos-
ing the volume element dV = da1da2da3 on the torus, we could con-
struct the transform explicitely in the time-like sector:
A[n1, n2, n3] =
∫ 1
0
da1
∫ 1
0
da2
∫ 1
0
da3 cos(πniai)Ψ(a1, a2, a3) , (67)
where niai = n1a1 + n2a2 + n3a3.
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The fundamental operators Tˆ 0 , Tˆ 1 in the loop representation are
Tˆ 0[α1]A[n1, n2, n3] = A[n1 + 1, n2, n3] +A[n1 − 1, n2, n3] (68)
Tˆ 1[αˆ1]A[n1, n2, n3] = (69)
ih¯(n2 − n3) (A[n1 + 1, n2, n3]−A[n1 − 1, n2, n3])
and similarly for the operators associated with the other two homotopy
group generators α2, α3. Noticing that the transform (67) is just a
cosine Fourier transform, we can represent the wave functions in the
connection representation in terms of the wave functions in the loop
representation. The inverse transform is
Ψ(a1, a2, a3) = A[0, 0, 0] + 2
∑
n1 n2 n3
A[n1, n2, n3] cos(πniai) . (70)
This is a demonstration that the representation of the loop algebra
is (over) complete. Any wave function can be expanded as a linear
combination of the states A[n1, n2, n3].
4 Discussion
Comparing the 4-D BF theory and Einstein gravity, we see that the
constraint structure of these two theories are quite different. In terms
of Ashtekar’s variables, the constraints of Einstein gravity are [1]:
Ga = DiE˜
i
a ≈ 0 ,
Vi = E˜
j
aF
a
ij ≈ 0 ,
S = ǫabcFijaE˜
i
bE˜
j
c ≈ 0 .
(71)
They are usually called, respectively, the Gauss constraint, the vector
constraint and the scalar (or Hamiltonian) constraint. The loop vari-
ables are weakly annihilated by the Gauss and the scalar constraints,
but not by the vector constraint since the latter generates diffeomor-
phisms. In contrast, in the 4-D BF theory, the vector constraint and
the scalar constraint are equivalent to the constraint that the SO(3, 1)
connection is flat. Thus there are only two constraints,
Rabij ≈ 0, Cab ≈ 0,
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in the BF theory. They generate the spatial projections of the gauge
transformations. The gauge invariant loop variables naturally com-
mute with these constraints. Furthermore, in the BF theory diffeo-
morphisms are generated by the constraints [6]. In this sence, the loop
variables are the physical observables.
Finally, let us note an interesting difference between the loop rep-
resentation of the T -variables on T 3 in the 4-D BF theory and the
loop representation of the T -variables on T 2 in the 3-D gravity the-
ory [8, 16]. Equations (68) and (70) tell us that on T 3, not only is
the trivial state A[0, 0, 0] annihilated by Tˆ 1, but so are all the states
A[n, n, n] for any integer n. Furthermore, these are the only states
which are annihilated by Tˆ 1. Hence, in the connection representation,
the state Ψ0(ω) with Tˆ
1Ψ0(ω) = 0 can be written as
Ψ0(ω) =
∑
n
cn(ω)A[n, n, n] (72)
where n are arbitary integers.
We can also construct these observables in another simple topo-
logical space, namely Σ = S2 × S1. Since Σ is now a product space,
the fundamental group is a product [17]:
π1(Σ) = π1(S
2)× π1(S
1) . (73)
But since π1(S
2) = {e},
π1(Σ) = π1(S
1). (74)
The homotopy group of Σ has only one generator, denoted α. Hence
the homotopy of any single loop Γ is labeled by the integer n, such
that Γ = αn. The non-trivial holonomies are generated by a single
homotopy class, and hence are determined by a single axis of given
causality. Let (θ, θ′, φ) be the coordinates on Σ, such that (θ, θ′) are
the coordinates of S2. The ranges of the variables are then 0 ≤ θ , φ <
2π , 0 ≤ θ′ < π . The configuration space Cˆ is one dimensional. For the
time-like axis, the abelian subgroup of SO(3, 1) is SO(2), and hence
the topology of this sector is S1. Introducing the coordinate a ∈ [0, 1]
on it, we may choose a flat connection on Σ representing that point
of Cˆ:
ωb = ωbidx
i = a(∂iφ)dx
iτ b = adφτ b, (75)
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where τ b is the generator of SO(2). If we choose the dual of the
momenta as
π∗aij = p∂iθ
A∂jφτ
b,
with n denoting the winding number of the loop, then the T observ-
ables are given by
Tˆ 0[n](a) = 2 cos(nπa) , Tˆ 1[n](a, p) = 2πp sin(nπa). (76)
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